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The Faddeev-Hopf model

e Scalar field ¢ : R? — S* C R?, subject to b.c. ¢p(o0) = (0,0,1) (say)
1 o
6= [ S50+ Y6+ (0,6 x )
J J:k

e Minimizers of & called “hopfions”, labelled topologically by Hopf degree m3(.S?)

e Knot-like (in some respects)
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Geometrization
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e Orthonormal frame {e;} on M = R?
e Linear map J : X — ¢ x X.

o J TS = T,8°

e J2=—-Id

e almost C structure
e Kihler form on N = S?: w(X,Y) = (JX,Y)
e Natural setting: ¢ : M — N

e (M, g) Riemannian
e (N, h,J) Kahler (meaning dw = 0 — automatic for N?)
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Two extreme limits
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e Weak coupling o — 0 =- harmonic map problem

& / o] + al*wl? = By + a B
M
¢ M — N critical point of By <= trVde¢ =0

Heavily studied, rich theory

e Strong coupling « — oo = pure FH model

¢: M — N critical point of By <= [77777

Hardly studied at all (De Carli-Ferreira, S° x R — S?)

e Programme: study variational problem for Ej4, compare with harmonic map
theory
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Physics?

1 1
Ei) = [ 1%l = 5lol

e No finite energy non-vacuum solns if M = R™ m # 4 (Derrick’s argument)
e E conformally invariant on (M*, g) — like Yang-Mills
e F invariant under Symp(N,w) = oo-dim symmetry group — like Yang-Mills

e Critical maps S* — S?: instantons of FH model on R3*!
(in strong coupling limit)

e Open question: do they exist, for any N7
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First variation formula: the field equation

e Demand FEy(¢) is stationary under all smooth variations ¢; of ¢

0oy

e Variation section X = 5 e I ¢_1T N)
t=0
d 1d . . ) *
E . E4(¢t) - 5 E o (gbtw, gbtu)>L2 = <¢ W, at‘t:0¢tw>L2

= (¢p*w,d(¢"1xw)) 2 = (00 w, P Lxw) 2

_ / ix(i66'w) = / (JX,d6(856°w)) = O
M M

e Holds for all sections X. Hence dopfd(p*w) = 0




First variation formula: the field equation

e Now we know what [ 77777 1s

¢: M — N critical point of By <= |d¢ §6(¢p*w) = 0

where

6 = (=)™ wdx=d  (coderivative)

(1, Y) = v(Y) VY  (musical isomorphism)

e Neat. But is it any use?
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Immersive solutions (dim M < dim N)

dp §d(¢'w) = 0

e Let solution ¢ : S* — N be immersive

kerdg, = {0}  forallz € §*

e ¢"w coclosed. ¢*w closed automatically. Hence ¢*w is harmonic

e But H*(SY) =050 ¢*w = 0 (Hodge). Hence Ey(¢) =0
i.e. ¢ is a vacuum solution

Warning: vacuum does not imply ¢ = constant

e Generalizes: let H*(M) = 0, dim M < dim N and ¢ be a non-vacuum solution.
Then the critical set of ¢ has nonzero measure in M.
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Submersive solutions (dim M > dim V)

dpfd(p*'w) = 0  with d¢, surjective for all z € M

eld: N> N S(Id*w) = —xdxw=—*dw" ) =0

e Projection on a warped product: m: P xy N = N (¢g=k+ fh))
+5(m*w) = *d * w = *d(f"volp Aw" ) =0
e Gives a smooth finite energy solution (R?, gie) — S?

Oake = (14 254+ 21)*(dot 4 dx3) + (1 + 2% + 23)(dws + do?)
T @ RY G2 x 52 - 52

[(R*) grare) is complete, Ricci positive, bounded scalar curvature]
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Submersive solutions (dim M > dim V)

dpfd(p*'w) = 0  with d¢, surjective for all z € M

e Riemannian submersion: d¢, is an isometry (ker de, )= — Ty N

e [nteresting fact: for such maps
dp(dd ¢p*'w) =0 <= trVdep =0

i.e. ¢ is a critical point of Ej iff it is harmonic
e Such maps are solutions of the full FH model, & = E5 + aFE, for all o/

e Fxamples

e Projection on a Kahler symmetric space, 7 : G — G /K
e.g SU(k) — CP*1'=SU(k)/S(U(1) x U(k —1))

e Hopf fibration, CF¥*t > S?*1 — CP*, (20, 21,...,21) ¥ |20, 21, . . -, 2k



Topological energy bound, M? — N

. 1
e oW =foxl = E=llfl

e Cauchy-Schwarz

/ b = / Foxl < Ifsll e (VOl(M))?
M M
= b

>~ e ([, 9)

o ¢: M? — S? attains bound = ¢*w = const *1
= ¢ has no critical points = ¢ a local diffeomorphism

o Attained iff f, = const x 1

= ¢ a covering map
But 71(S?) = 0 so no nontrivial covering spaces
Hence M? = S? and ¢ a diffeomorphism

Hence deg ¢ = 1
So ¢*w = £ *1 = tw, = ¢ a symplectomorphism (up to reflexion)



Topological energy bound, M? — N
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Bound attained in every class (linear periodic maps C — C)
Automatically stable

e Id : M? — M? attains bound
= Global minimizer in its class



Topological energy bound, M* — N

1 1 1
E:§/M(>x<gb*w) /\gb*wzg/Mgb*w/\gb*w:§/Mgb*(w/\w)
o dim N =2

Trivial since w A w =0

° HZ(M) =0
¢*w closed, hence exact
= 0w A P'w = (da) A (da) = d(a A da)
= bound trivial

e Need dim N > 4 and H?(M) # 0: nontrivial but seldom attainable



Topological energy bound, M* — N

o CP? — CP?
Attained iff x¢p*w = £¢*w
¢*w closed, self-dual = co-closed = harmonic = ¢*w = cw
But then ¢ has no critical points = covering maps = diffeo
Hence ¢ symplectomorphism (up to reflexion)

e Id : M* — M* attains bound
= Global minimizer in its class
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Stability

e In harmonic map theory, stability is characterized by the Hessian:

azE[¢s,t]
0sOt |,y

S

HesS¢(X 3 Y) = X = asgbsvt‘s:t:o’ Y = atgbsat‘s:t:o

e ¢ is “stable” if Hessy(Y,Y) > 0 for all Y

e Hessian operator: Hessy(X,Y) = (X, LY )2 = [, MX, LY ) *

e For £/ = E5 (harmonic maps) .Z} is the Jacobi operator:
LY =AY — Y " RN(Y, dge;)dde;

Stability properties depend strongly on curvature of N. Even Id : M — M can
be unstable.

e What about £ = E,?
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Stability

e Thm For F,(¢), Hessian operator is
LY = —J[Vy,Y +dotsd(¢ yw)]
where  Z(¢) = td(¢p*w) € kerdo
(@"tyw)(A) == w(Y,dp A)  one-form on M

e Cor For any critical point ¢ of Ej,

Hessy (Y, Y)I/ w(Y, VZ(@Y)*l + ”d(gb*ayw)”%2
M

In particular, if Z(¢) = 0, then ¢ is stable.

o E.g. All critical immersions are stable!
m: P xy N — N is stable
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Stability

e Other stability results:

e Hopf : 5% — S? is stable
o Hopf : §% — S%is Ey+aF, stable <= «a > 1 (conjectured by R.S. Ward)

e spec Lq = spec A\ (= spec Ay for N2, N4)

|5(A3(N))



Conclusion / prospects

e Energy functional Ey(¢) = 3 Hgb*wHig has beautiful variational equations:

0 = dopgd(d'w)
Hessy (YY) = (JY, V%)Y»H + ”d(gb*LYw)”%?

e Can give genuine insight into full FH model (esp. stability).
e Non-null-homotopic solution S* — S?, if it exists, would be a FH instanton
e Elusive, even for S* — N.

e Are there any unstable solutions?



Conclusion / prospects

e A variation on the theme:
Esiyrme = By + by = /M %]dqﬁF + %((tr@¢)2 —tr7;) [Manton]
where Z, : TM — TM, g(X, Z5Y) = h(dg(X),do(Y)).
e Makes sense for any (M, g), (N, h)

e M =R3 N =5% = (usual) Skyrme model
M =R3 N = S? = Faddeev-Hopf model

e oo — 00: pure Skyrme model, conformally invariant on M*

o M =S8* N =83 supports “instanton” solution in generator of m(S?)



